arXiv:1509.01008vl [math-ph] 3 Sep 2015 


Boundary state of 

Uq{gl{N\N)) analog of half-infinite t — J model 


September 4, 2015 

Takeo Kojima 

Department of Mathematics and Physics, Faculty of Engineering, Yamagata University, 
Jonan 4-3-16, Yonezawa 992-8510, JAPAN 
kojima@yz.yamagata-u.ac.jp 


Abstract 

The ?75(gr/(A|A))-analog of the half-infinite t — J model with a boundary is considered by using 
the vertex operator approach. We find explicit bosonic formula of the boundary state in the integrable 
highest-weight module over the quantum superalgebra Uq{gl{N\N)). 


1 Introduction 

There have been many developments in the exactly solvable models. Various methods were invented to 
solve models. The vertex operator approach mm provides a powerful method to study exactly solvable 
models in the thermodynamic limit. This paper is devoted to the vertex operator approach to half-infinite 
lattice with open boundary. Exactly solvable lattice models with open boundary are defined by using the 
Yang-Baxter equation and the boundary Yang-Baxter equation mm 

K2{z2)R2,l{ziZ2)Ki{zi)Ri^2{zi/Z 2 ) = R2,l(zif Z2)Ki{zi)Ri^2{ziZ2)K2{z2) ■ 

The vertex operator approach to the half-infinite lattice have been studied for the quantum affine algebras 
Uq{sl{N)), Uq{A^^), Uq{sl{M\N)) {M ^ N) [2J[51 ini[3IH] and the elliptic deformed algebra Uq^p{sl{N)) 
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[a HQ]. The author [8] considered the Uq{sl{M\N))-ana\og of the half-infinite t—J model with a boundary, 
and found explicit bosonic formula for the boundary state in the irreducible highest-weight module. 
However the very interesting case of M = TV has been ignored. The quantum superalgebra Uq{gl{N\N)) 
is the only untwisted superalgebra which has nonstandard system where all simple roots are odd or 
fermionic. In this paper we study the Uq{gl{N\N))-analog of the half-infinite t—J model with a boundary, 
using the vertex operator approach. The boundary condition of our model is given by general diagonal 
solution of the boundary Yang-Baxter equation 


K{z) = diag 



1 — rz 
1-r/z’ 


I — rz 
1-r/z 



In the vertex operator approach, transfer matrix Tb(z) of solvable lattice model with a boundary is written 
by vertex operators ^j{z), and a solution of the boundary Yang-Baxter equation as follows. 


2N 


TB{z) = gY. ^*{z-^)K{z))<^u{z){-lpl 
i,fc=i 


We are interested in a realization of the eigenvector b(*| that satisfies 


b(*|7b(z) = s(i|- 


We call this eigenvector B{i\ the boundary state. The boundary state B{i\ is realized by acting exponential 
of the bosonic operator G on the highest-weight vector (A^j in the integrable highest-weight module 

B{i\ = (A^le*^ • Pr. 


Here Pr is the projection operator. 

The text is organized as follows. In Section[5]we introduce the i?-matrix and the boundary AT-matrix. 
We introduce the Uq{gl{N\N))-analog of the half-infinite t—J model with a boundary. In Section[3l we 
formulate the vertex operator approach to our problem, which is free from difficulty of divergence. In 
Section m we review a bosonization of the quantum superalgebra Uq{gl{N\N)) and integral representation 
of the vertex operator. In Section [S] we give a bosonization of the boundary state in the integrable 
highest-weight module B*(Ao). In Section [6| we give a proof of characterizing relation of the boundary 
state by using integral representation of the vertex operator. In Section [7| we discuss generalizations of 
the present paper. In Appendix 1X1 we review the quantum superalgebra Uq{gl{N\N)). In Appendix [Bl 
we give a bosonization of the boundary state in the integrable highest-weight module V*{A 2 n-i)- In 
Appendix [Cj we summarize normal orderings of fundamental bosonic fields. 

2 Uq{gl{N\N))-anaL\og of half-infinite t — J model 

In this Section we introduce the C/q( 5 Z(A^|TV))-analog of the half-infinite t—J model with a boundary. 
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2.1 i?-matrix and iT-matrix 


In this Section we introduce the ii-matrix and the boundary it'-matrix. Let iV G N^g q G C such 
that 0 < |g| < 1. Let L,M,R G N such that L + M + R = 2N. We set the vector space V = (B^^iCvj. 


The Z 2 -grading of the basis {vj}i<j< 2 N is given to be [uj] = 


0 (j = odd) 


The Z 2 -grading of 


1 (j = even) 

matrix A = (dj,fc)i<j^< 27 v € End(F) is defined by [d] = [u^] + [vu] {mod.2) if RHS of the equation does 


not depend on j and k such that Aj^k ^ 0. We define action of operator Ai 0 A 2 
Aj G End(y) have Z 2 -grading. We set 


An where 


Ai 0 A 2 0 ■ ■ ■ 0 An ■ Vj^ 0 Vj2 0 ■ ■ ■ 0 Vj^ 

C n k—1 \ 

7rv^^y^[dfc] j AiVj^ 0 A2Vj^ 0 ■■ - 0 AnVj^ 

k=l s=l / 

We have the following multiplication rule. 

{Ai 0 A2){B, 0 B 2 ) = i-l)^^^^^^^\AiB,0A2B2). 

We introduce super-trace ”str” and super-transpose ”st” oi A G End(y) by 


2N 


Strv(d) = (_i)K](hd+M). 

f=i 

Definition 2.1 Let R{z) G End(E 0 V) he the R-matrix of Uq{gl{N\N)) defined by 

2N 

R{z) = r{z)R{z), R{z)v^ <S>Vj = ^ Ufc 0 viR^j^^iz), 




where 


= (l<*^J<2iV), 


(1 < J < N), 




q^z-l 

q^z-l' 


(_l)K]hd^ = —2 —^(-l)'“dhd (1 < f < y < 2N), 

q^z — 1 


= 0 (otherwise). 


The scalar function r{z) in \2.4^ is 


, N 1 - 2 W ( \ — qjz 

riz) = —z « I - 

\l-qz 

The i?-matrix R{z) satisfies the graded Yang-Baxter equation in E 0 E 0 E. 

Ri, 2 {zi/Z 2 )Ri,^.{Zi/ zfi)R 2 ^'i{z 2 /Zz) = R 2 ,'i{z 2 /zfi) Rl ^^{^1 / zfi) Ri ^ 2 {zi / Z 2 ) ■ 


( 2 . 1 ) 


( 2 . 2 ) 


(2.3) 


(2.4) 

(2.5) 

( 2 . 6 ) 

(2.7) 

( 2 . 8 ) 

(2.9) 

( 2 . 10 ) 


The i?-matrix R{z) satishes (i) initial condition i?(l) = P with P being the graded permutation oper¬ 
ator P^j = (—l)[’'dh3]^ (ii) unitary condition Ri, 2 {z)R 2 ,i{z~^) = 1, and (iii) crossing symmetry 

{R{z)-^r^Rizr^ = 
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Definition 2.2 Let K(z) G End(i/) be the boundary K-matrix of Uq{gl{N\N)) defined by 

2N 


K{z) = K{z)vi = YLjK]{z), 


where diagonal matrix K{z) is defined by 

( 


i^(z)=diag 


9 \ — rz 


1 - r/z’ 


V 


1 ... 1 

l-r/z '—,-- 

-" R 


{L + M + R = 2N). 


M 


The scalar function ip{z) in \2. 1 1\) is 


{L = M = 0,R>0) 
ip{z)={ (^[2l(z) {L = 0,M,R>0) 
{L,M,R>0) 


where L M + R = 2N . Here we have set 




g3^‘^\z) = ip'^^'^[z) X 




i^Pl(z) = (p'^'^^{z) X < 




{l — rz/q)^Tr- (M = odd) 

1 (M = even) 

(1 — z/rq)^^^ {L = odd, M = odd) 

1-2N 

{(1 — z/rq){l — rqz)} (L = odd, M = even) 

1 — 2iV 

(1 — rz/q) 2 JV (L = even, M = odd) 

1 {L = even, M = even) 


The boundary if-matrix K(z) satisfies the graded boundary Yang-Baxter equation mV'SiV 
K 2 {z 2 )R 2 ,l{ziZ 2 )Ki{zi)Ri^ 2 {zi/ Z2) = R 2 .\{z\I Z2) Ki{zi) Ri^ 2 {ziZ 2 ) K 2 {z 2 ) ■ 


( 2 . 11 ) 


( 2 . 12 ) 


(2.13) 


(2.14) 

(2.15) 

(2.16) 


(2.17) 


The boundary if-matrix K{z) satisfies (i) initial condition if(l) = 1, (ii) boundary unitary condition 


K{z)K{z = 1, and (iii) boundary crossing symmetry K'^{z)K^{z ) = 

2N 


(1 — rz){l — z/r) 

KfM = E ■ The boundary if-matrix K{z) given in (12.lip is general 


k,l=l 


diagonal solution of the boundary Yang-Baxter equation. 


2.2 Uq{gl{N\N))-analog of half-infinite t — J model 

We introduce monodromy matrix r{z) by 

T{z) = i?o.i( 2 )i?o, 2 ( 2 ) • • • Ro,niz) € End(F„ 0 ••• (8) 1^2 0 El 0 Eo), (2.18) 

where E, are copies of E and n S N. We introduce the transfer matrix T^“(z) by 

r|“(z) = stTVoiK{z-^Y*Tiz-Y'Kiz)Tiz)) G End(E„ 0 ... 0 E 2 0 Ei). (2.19) 
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The Hamiltonian of Uq{gl{N\N))-analog of finite t — J model is given by 


n—1 


7 1/7 


i=i 


strvo(Ko(l)^*ho,s) 

strvoiKo^iy*) 


( 2 . 20 ) 


where hjj^i = Pjj^i-^Rjjj^i{z)\z=i. We set the Hamiltonian Hb by taking the thermodynamic limit 
of in (lOnll . 


Hb = lim = E ^tj+i + 

n—^oo ^ ^ / n y 


i=i 


2 dz 


( 2 . 21 ) 


The Hamiltonian Hb acts on the half-infinite tensor product space ■ ■ ■ ® Vz ® ® Vi. We study 

17q(gZ(iV|7V))-analog of half-infinite t — J model defined by the Hamiltonian Hb in (12.211) . 

3 Vertex operator approach 

In this Section we give the formulation of the vertex operator approach. 


3.1 Transfer matrix 

We would like to diagonalize the Hamiltonian Hb in (12.211) . It is convenient to study the transfer matrix 


Tb{z) = lim t|“(2:) 


(3.1) 


including spectral parameter z. The transfer matrix Tb{z) is given by infinite product of the i?-matrix. 
Hence it isn’t free from difficulty of divergence. Later we would like to give mathematical formulation of 
our problem that is free from difficulty of divergence. Following the strategy summarized in [DIHI] , we 
introduce the vertex operator ^j{z) and the dual vertex operator $*(z), which act on half-infinite tensor 
product space • • • (8* I 3 0 I 2 ® W, as limit of the monodromy matrix T{z). The matrix elements of the 
vertex operator $j (z) (j = 1, 2, • • •, 2N) are given by 






■jn,---,j2,jl n->00 

The matrix elements of the dual vertex operator $*(z) (j = 1, 2, • • •, 2N) are given by 




ra-^oo 


= hm inzrX' 

rtr< i. ' ' r\,T\. , 


JlJO 

,k2,ki,ko 


for j = jo- 


(3.2) 


(3.3) 


We expect that the vertex operator ^j{z) and the dual vertex operator $*(z) give rise to well-defined 
operators. From heuristic arguments by the Yang-Baxter equation [DllII], the vertex operator $j(z) 
is expected to satisfy the following commutation relation. 


2N 


$,,(z2)<h,,(^l)= E <l=(^l/^2)$.,(^l)$.2(^2)(-l)'’'-l'" 

^1,^2 = ! 


(3.4) 
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Here is the matrix element of the i?-matrix given in (12.41) . The transfer matrix Tb{z) is written 

by using the vertex operators ^j{z) and 4)*(z) as follows. 

2N 

fB{z) = (3.5) 

i=i 

The Hamiltonian Hb is given by Hb = ■^Tb{z)\z=i- It is better to diagonalize Tb{z) instead of Hb- In 
order to diagonalize Tb{z), we follow the strategy called the vertex operator approach. 


3.2 Vertex operator approach 


Our useful tool is the vertex operator associated with the quantum superalgebra Uq{gl{N\N)). We 
introduce the evaluation representation 14 of the basic representation V = for Uq{gl{N\N)). 

In what follows we use standard notation of g-integer 


\n\a = 


g" - g-" 


g-g-i ■ 


(3.6) 


Let Eij be 2N x 2N matrix satisfying EijVk = Sj^kVi- The evaluation module 14 is given by the Drinfeld 
generators as follows. 


HL = (- 


(_1)*+1 + L;.+i.,+i) (1 < z < 2iV - I), 


2N 

= 


I -g™ ^ E 2 i, 2 i + J2(^-N+(1- I)(1 - q^))(E 2 i.i, 2 i-i + E 2 i, 2 i)] , 

^ I 1=1 1=1 ) 


2N 


= {-iy+\E,,, + E,+i,,+i) {l<i<2N-l), = (3.7) 

k=l 

{l<i<2N- 1). 

Denote by V*^ = (B'j^iCv* the left dual module of V defined by 

{a-v*\v) = (-l)NK] {v*\S{a) ■ v) (a G UqQl{N\N)), v* GV*^,v gV), (3.8) 

where the Z 2 -grading of the basis is chosen to be [d*] = ■ Namely the representation on V*^ are 

given by 7ry.s(a) = 7ry(5'(a))®‘ where Try denotes action of module V. The evaluation module is 
given by the Drinfeld generators as follows. 


= (-1)'LJ9 + i;,+ i,.+ i) (I < T < 2iV - 1), 

m 

Hl^ = I-g-’" ^ E2i,2i + ^(1 -N+{1- I)(I - q-'^)){E2i-i,2i-i + E2i,2i)\ 

^ [ 1=1 1=1 ) 


m 


2N 


iJ* = (-1)4^;,,,+£;,+!,,+i) (1 <t<2V-1), = J2i-^)''Ek,k, (3.9) 

k=l 

X+’* = -(-l)*g(-i)^ (g-[’'-+ilz)™i5,+y„ X4-* = (g-["^+ilz)™i?,,,+i (I < * < 2iV - 1). 
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Definition 3.1 Let i^(A) he the highest-weight Uq{gl{N\N))-module with highest-weight X. We define 
the vertex operator $( 2 ;) and the dual vertex operator $*(z) as the intertwiner of Uq{gl{N\N))-module as 
follows. 

$( 2 ;) : i^(A) —>■ V{fi) ( 8 ) Vz, $( 2 ;) • X = A(a:) • $( 2 ;), (3.10) 

:V{X) ^V{n)(S)Vf, $*(z)-x = A(a;)-$*(z),. (3.11) 

We expand the vertex operators as follows. 

27V 27V 

1=1 1=1 

We set the Z 2 -grading of the vertex operators by [$( 2 :)] = ['i>*( 2 :)] = 0. Hence we have the Z 2 -grading 
[$^( 2 ;)] = [$*( 2 ;)] = [nj] = [n*] {j = 1,2, - ■ ■ ,2N). The vertex operators are expected to satisfy the 
following relations. 

2N 

<\’';V^i/^ 2 )$fe,(^i)$fe.(z 2 )(-l)'"-''"-l, (3.13) 

ki ,k2 — l 

27V 

g$,(^)$*(z) = (-1)M<5,,„ g^(-l)[“^l$*(^)$,(z) = l. (3.14) 

1=1 

Here is matrix element of the i?-matrix given in (12.41) . Here 5 is a constant. We introduce the 

transfer matrix Tb{z) as follows. 

2N 

Tb{z) = g ^ <i>Uz-^)Ki{z)<i>fiz)i-lpl (3.15) 

j.l=i 

Following the strategy proposed in mm, we consider our problem upon the following identification. 

TB{z)=fBiz), <^fiz) = ^j{z), <i>*(z) = $*(z). (3.16) 

We call studies based on this identification ’’vertex operator approach”. The point of using the vertex 
operators ^j{z), ^^(z) is that they are well-defined objects and are free from difficulty of divergence. 


4 Bosonization of vertex operator 

In this Section we review bosonizations of the vertex operators associated with the quantum superalgebra 
Uq{gl{N\N)). We give integral representations of the dual vertex operator. 


4.1 Quantum superalgebra U,(gl(N\N)) 


We introduce bosons {a(„, c^, Qc 3 1* = 1, 2, • • •, 2N, j = 1, 2, • • •, iV, m G Z} satisfying the following 
commutation relations. 


[«m.an] = (-1) Sz,]Sm+n,Q 


\m[ 


— dijdm+n,0 ^ j [CqiQcj] 


K,Qag]=S^,j {l<l,j<2N), 
= S^J (l<*,j<A). 


(4.1) 

(4.2) 
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The remaining commutators vanish. We use standard normal ordering :: given by 


■ a* a* ■= 


aln< (rn < 0) 


(1 < i < 2N), 


• rP c? ■ = 


«n (W > 0) 

: alQai ■=■■ QaiOg := QaiUg (1 < * < 2iV), 

(to < 0) ^ 

cicL (m > 0) 

: CoQc< :=: QaA := (1 < * < iV). 

We set auxiliary bosonic operators A^, Q\ {j = 1, 2, • • •, 27V) by 

Al = (-iy+\ai, + ai;t^), Qa^ =Qa. -Qa^+^ (l<J<2iV-l), 




gm + 


2N 


2N 




/=1 




They satisfy the following commutation relations. 

= (i<*,j< 2 iv). 

m 

Here Aij is matrix element of the Cartan matrix given in Appendix]^ We set the notation 
A^z- k) = Qa, + Ailogz - Y, (j = 1,2, • • •, 2N), 


c>{z) = Qci + c^logz - Y 


, 1^ O 

m^O ^ 


(j = l,2,...,iV), 


Aiiz) = ±iq - q-y Y ± ^olog<Z (j = 1, 2, • •., 2N). 


m>0 


We set the auxiliary bosonic operators A^^Qa*:) {j = 1, 2, • • •, 2N) by 


2N 

Ayi = ^{{2N-l)al-Y^L} 


1^2 


2N 


E (l<J<2iV-2), 


1^1 

2N-1 




2N 


A*^^-^ = ^{Y^'m-m-l)al^}, A*^^ = ^Y 


Z=1 


2N 

/=i 


2N 


Qa*^ = l)Qai - y^Qg^l 


1^2 


2N 


QA*^=J^{{N-l)Y,Qa^- E (l<J<2iV-2), 


Z=1 


Z=i+1 


^ 2A^-1 ^ 2N 

Q^.27V-1 = —{ ^ - (2A^ - l)Qa2N}, Qa*^^ = E ■ 


Z=1 


Z = 1 


They satisfy the following commutation relations. 


[AZAy] = {A-yY^6^+n,o 


(4.3) 


(4.4) 


(4.5) 

(4.6) 

(4.7) 

(4.8) 

(4.9) 
(4.10) 


(4.11) 


(4.12) 


m 


(l<^,j<2iV) 


(4.13) 







where A = (Aij)i<:ij< 2 N is the Cartan matrix given in Appendix 1X1 They satisfy 


ml 


[Al^,A*J] = Sm+n,oS^,j^ (1 < l,J < 2N-1), 


m 


[A^^,Al^^] = [Ai^,A»]=0 (1<*<2A-1), 

\ aHN A*2N^ _ 1 [2m]q[m]q ^ 
l^m 5 J 2 Yn ^rn+n,0- 


For instance, we have 


^ ^ Mg c f/l* 2 Ar 4 * 2 Ari _ Q 

N m i ~ 


\A*i ^ 




*^2N-1 a*2N 
m 5 -^n 


2A/" m 

1 [m]^ 
2 A/' m 


\ A' 

m+n,05 L-^' 


*2N-1 4*2iV-l] 

m 5 "^n J 


N -1 [m]g 

A^ 77 


^m+n ,0 5 


■^m+njO- 


(4.14) 


We introduce the g-difFerence operator dz given by 

n fiQz)-f{q-^z) 

t)zJ(Z) — , 

(q-q Az 

Theorem 4.1 fWj The Drinfeld generators of Uq(gl{N\N)) at Level-1 are realized as follows. 

2N-1 

c=l, W^ = Al^ ( meZ,z = l , 2 ,..., 27 V ), H^ = c-J2AI, 


( 4 . 15 ) 


i=i 


X^’^(z) =: e±^'(^’-5)y±.*(^)F±’* : (i = 1, 2, • • •, 2Af - 1), 


( 4 . 16 ) 


2N-1 


m >0 *- -*9 I 2=1 ^ ^ j=l 


N 


2N N 

-^<!E^o^"+E^o(c^o + i)^ 

1=1 


i=l 


where we have set 


y +. 2 i ( 2 ) = y -" 21 - i ( z ) =: : (1 < j < iV ), 


y -> 2 j ( 2 ) = ^ _ . gC ^( z ) . (1 < j < iV ), 


1-1 

^±.2j-l _ g±V^ao*~\ _p±.2j _ TTpTv^tt 


= Y[e 

1 = 1 


1=1 


^0 {l<j<N). 


We introduce the Fock module. The vacuum vector |0) 7 ^ 0 is defined by 
am|0) = c4|0) =0 (1 < i < 2iV, 1 < J < 7V,7Ti > 0). 
For A“ = (A“, A 2 , • • •, A 2 ^) G and A^ = (AJ, A 2 , • • •, Xfj) £ C-^, we set 
|A“; A=) = \Xl • • •, A^^; A?, • • •, A^) = 


| 0 ). 


( 4 . 17 ) 


( 4 . 18 ) 


( 4 . 19 ) 
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Denote by the Fock space generated by {a^_jn,cL^\m > 0,i = 1,2, • • •, 27V, j = 

1,2,---,A^} over the vector |A“;A‘^). Action of the bosonization of Uq{gl{N\N)) on Aaj,...,aj„;Aj,---,a^ 
is not closed. We introduce the space F\a.xa by 

F\a-\c -^A“+Ji,A 2—Jl+j2,-"A2Ar~t2Ar-i;A!f+Jl—j2,A2+t3—j4,"‘A^+i2Ar-l * (4.20) 

Jlb2,'" J2 N'-i6Z 

Action of the bosonization for Uq{gl{N\N)) on F\a.\c is closed. 

Uq{gl{N\N))Fxa.x^=Fxa.x^. (4.21) 

To obtain highest-weight vector, we impose the condition 

e,|A“;A‘=) = 0 (i = 0,1, 2, • • •, 2iV - 1). (4.22) 


We have the following sufficient and necessary condition. 

AJ + A^ + A? = 0,1, A^^_i + A^^-+ A= = 0 (2<j<iV), 

+ X%+i + X'] = 0 (l<J<iV-l). (4.23) 

For A“ + A 2 + Aj = 0, we have A 2 j_i = A“ (2 < j < N), A° = —(A“ + X^j) (1 < J < TV). For free 
parameter A“ = /3i, A^^ = P 2 j G C (1 < j < TV), we have the following highest-weight vector. 

N-l N 

1(1 — (/3l -I- /32Af))Ao + ^ (/3l -|- I32j){^2j-l — X.2j) + {Pi + P2 n)Xi2N-1 + {NPi — '^P2j)X.2N)- (4.24) 

T=i T=i 

As the special cases we have 


|Ao) = |0,---,0;0,---,0) = |0), 


|A2iV-l) 


1111 


1 1 


;0,0,---,0,0,-l). 


(4.25) 

(4.26) 


For A? -h Af + Af = 1, we have Af^.i = A? (2 < j < TV), A= = -{Xf + Af^) -M (1 < j < TV). For free 
parameter A“ = Pi, X^j = P 2 j G C (1 < j < TV), we have 


1(1 ~ {Pi + P2n))-X-0 + {Pi + P2)X-1 -I- (1 — {Pi + P2))X.2N-1 (4.27) 

N-l N 

+ ^ {{Pi + P2j) — 1)(A2j-1 — A2j) -I- {Pi + P2n)X.2N-1 + {N Pi — P2j — N + l)A2Ar). 

T=2 j=l 

As the special cases we have 


|Ai) = 

2TV-1 1 

1 

1 

1 1 

••,0), 

(4.28) 

2N ’2N’ 

2TV’ 2TV 

|A2) = 

TV-1 1-N 

1 

1 

■’"TV’TV 

,0). 

(4.29) 

N ' N ’ 

TV’ TV’ 


We are interested in the irreducible highest-weight module. We have obtained bosonizations in the Fock 
space F\a.\c. The module F\a.xc is not irreducible in general. To obtain irreducible representation, we 
introduce a pair of fermionic operators g{z),^{z). 




vPz) = 2^ % 


=: e' 


— 




Z-n g-cVD 


(* = 1,2,...,TV). 


(4.30) 


nG Z 


neZ 
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The Fourier components and r]i^ = § w'"~^77-^(w) are well-defined on 

the Fock space for G Z. Hence we assume Af,A 2 ,'--,A^ G Z in what follows. They satisfy anti¬ 
commutation relations 


CC + CnC = = 0, CnVu + VnCm = ^m+nfi, {i = 1,2, ■ ■ ■ , N). 


(4.31) 


The products ? 7 q^q and ^gryp are orthogonal projection operators. 

^o^o + ^o^o = i> niii ■ = iWo ■-nUl = ^ (j = 1,2,•••,7V). 

Hence we have direct sum decomposition 

.7^A<*;A<= = ■ .7^A»;A'= © Co^O ’ -^A^iA- (j = 1, 2, • • • , iV). 

They commute with each other. 

= [Cn.vi] =0 {l<i^ j <N). 

We note that 

77^|A“;A^)=0, C^|A“;A^)ylO (A^^ = 0,1,2, • • •), 
^^|A“;A'=)^0, e^|A“;A^)=0 (A,^ =-1,-2,-3, • • •). 


We set the abbreviation Q by 


Ci = 


(e = +) 
vi (e = -) 


(j = l,2,---,iV). 


We introduce the projection operator Pr by 

N 


((ei,e 2 ,---,eiv)G J(A^)), 
i=i 


where we have used 

= i (eij £2, • • • jCat) 


ei = 


+ (AJ = -l,-2,---) 
- (A^ = 0,l,2,---) 


(j = l,2,---,7V) 


(4.32) 


(4.33) 


(4.34) 


(4.35) 


(4.36) 


(4.37) 


(4.38) 


The projection operator Pr commutes with every element of Uq{gl{N\N)), and satisfies Pr^ = Pr. For 
general N = 1, 2,3, • • •, we have the following direct sum of decomposition. 

N 

.Fa.;ac= 0 (4.39) 

ei,e2p",eN—:t j—1 

From calculation of character for = 1, 2 in [unii, we expect that the projection operator Pr is a map 
onto an irreducible highest-weight module H(A) with the highest-weight A given by (14.241) and (14.271) . 


V{X) = Pr ■ 

The module H(A) = Pr ■ J^A“;A'= is one of the sub-modules of the decomposition (j4.39p . 


(4.40) 
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4.2 Vertex operator 

In this Section we give bosonizations of the vertex operators that intertwine irreducible highest-weight 
modules, and derive integral representation of the dual vertex operator. First, we give the vertex operators 
^(z), (j)*{z) between the Fock spaces Fxa-xa. We set the vertex operator (j){z) and the dual vertex operator 
4>*{z) as the intertwiner of C/g( 5 /(A^|iV))-module as follows. 

4>{z) : Tx <^;\<=—t (g) 14, 4>{z) ■ X = l\{x) ■ 4>{z), (4-41) 

r{z)-.Tx<^,x^^:F^.,^.®Vf, riz) ■ X = Aix) ■ r{z). (4.42) 

We expand the vertex operators as follows. 

2N 2N 

= 4>*{z)='^ (t>*, (z) 0 V* . (4.43) 

t=i 

We introduce the notation 

_ A*^ 

A*\z-, k) = + 4«logz - V (z = 1,2, • • •, 27V - 1), 

B\z; k) = + <^logz + 2(iV - 1) ^ , (4.44) 

m/O 
A *2N 

B^^{z- k) = + A*^^logz - 2V y ^ 

, O 

m^O ^ 

and the Fermi number operator Nf = ®o^ - 

Theorem 4.2 FM fl^ [77F The vertex operators (j)j{z) and (f’jiz) {j = l,2,---,2iV) in ([4^7[ ) and 
lll 4 - 42 \ ) are realized as follows. 

{-iyMz) = [cl>,+i{z)J,]^,_,p (j = l,2,...,27V-l), (4.45) 

(fliz) =: (qz)^-^'^, 

= [rjiz)JjU-n3+^ (j = 1,2,...,2V- 1). (4.46) 

Here the Chevalley generator fj is realized as follows. 

/, =Xy =^^-^X-(u;) (j = l,2,...,2V-l). (4.47) 

Next, we focus our attention to the vertex operators ^j{z) between the irreducible highest-weight 
module F(A), given in Definition 13.11 : $(z) : F(A) —S> Vip) ® V, 4>*(z) : F(A) — V{p) (g) Vf^. We 
expect 


<i)(z) = Pr ■ (f){z) ■ Pr, 4)*(2;) = Pr ■ (j)*{z) ■ Pr, (4.48) 

where Pr is the projection operator in (|4.37F The vertex operators f’iz) and 4>*iz) commute with Pr. 
Hence we have 4)(z) = Pr ■ (j){z) = (jj^z) ■ Pr and $*(z) = Pr ■ (j)*{z) = 4>*{z) ■ Pr. 
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In what follows we give integral representations of (p* (z) which are convenient for construction of the 
boundary state. We introduce the notation 

=: (4.49) 

Then we have X~’‘^^~^{z) = (g-g-i)z — XZ'^^~^(z)). Using the formulae of the normal 

orderings in Appendix [Cl we have the following integral representations. 


Theorem 4.3 The dual vertex operators (j = 1, 2, • • •, 2N) have the following integral represen¬ 

tations. 


4>*2j+i{z) = {q-q^y n*^2s-i 


f-1 

X n 

S=1 


ei,e3,e5,-",e2j-i=± s=l 
1 


2j 


(1 - qW 28 +llw 2 s){l - qW 2 s/w 2 s+l) (1 - q^‘^^-^W 2 s-l/w 2 s) 


n 

s-1 

3 

n 


dWa 


qW2j 


c 2Try/^Wa qz{l - qwi/z){l - qz/wi) 

1 


X :cPUz)l[X-fy-yqw2a-i)t[X-’^yqw2s)-. (j = 1, 2, • • •, iV - 1), 


(4.50) 


S = 1 S=1 

where we take the integration contour C to be simple closed curve that encircles Wg = 0,qWs-i but not 
q~^Ws-i for s = l,2,---,2j. 


i+i 

y2j+2{z) = iq-q~y 

ei,e3,e5,-",e2j + i=± s—1 


2j + l 

n 


dws 


c 2Tr^/^Wa qz{l - qwi/z){l - qz/wi) 


n 


1 


n 


(1 - qW 2 s+llw 2 s){l - qW 2 s/w 2 s+l) (1 - q^'^‘-^W 2 s-llw 2 s) 
i+1 3 

^z) n ^.■;:-r'('?^2.-l) n X-’^yqW2a) : (j = 1, 2, • • •, iV - 1), 


(4.51) 


S=1 


S=1 


where we take the integration contour C to he simple closed curve that encircles Wg = O^qWs-i but not 
q~^Ws-i for s = 1,2, - , 2j + 1. 


5 Boundary state 

In this Section we give a bosonization of the boundary state b(0| y 0 satisfying 

B{0\TBiz) = b{0\. 

The construction of the boundary state is main result of this paper. 


5.1 Bosonization 

For A“ = (A“, A 2 , • • •, ^ 2 n) ^ 3,nd A'^ = (A^, A^, • • •, A^) G C^, we set the vector (A“; A"^] by 

(A“;A"| = (5.1) 
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where the vector (0| ^ 0 satisfies 


(0|aL„ = (0|cL„ = 0 (m > 0, z = 1, 2, • • •, 27V, j = 1, 2, • • •, iV). 
We have introduce the space by 

FL 


T* — 


7 id 2 ,---J2N-16Z 


(5.2) 


(5.3) 


Denote by F^a the dual Fock space generated by {a(„,c^|m >0,7 = 1, 2, • • •, 2iV, j = 

1, 2, • • •, N} over the vector (A“; A°|. Following arguments in the previous section, we expect the following 
identification between the restricted dual module F*(A) and the Fock module. 


V*iX)=Fxt.,x^-Pr. 

For instance we have the highest-weight vectors (A^j G V*{Ai) as follows. 

(Aol = (0,---,0;0,---,0|, 

fill 11 

(A 2 W- 1 I - 

_ 2 N -1 1 11 1 1 .0 n n 


(A2| = ( 


A^- 1 1 - Af 1 1 


1 1 


N 


N ’ A^’W’^^’ at’ 


(5.4) 

(5.5) 

(5.6) 

(5.7) 

(5.8) 


In this Section we focus our attention to the integrable highest-weight module F*(Ao) for simplicity. Later 
we summarize results associated with the integrable modules F*(A 2 Ar_i) in Appendix [BI For F*(Ao) the 

N N 

projection operator Pr is given by Pr = n^oii^o- 

i=i 1=1 


Definition 5.1 IFe define the bosonic operator G by 

_ ' 2N N 

« - -jE.^. 


1 mq 


2N 


N 


2 ^—' imL 

m>0 1 W 


1=1 




. 2=1 


m >0 \ 2=1 


i=i 


(5.9) 


Here we have set 


6^ = 


.(l_2(-l)f)d^ (j = l,2,...,Ar), 


/ 3 W’” iL = M = 0,R>0) 


m 

[3].i 


{L = 0,M,R>0) {i = l,2,---,2N), 
{L,M,R> 0) 


where we have set 

(1 < S < AT), 


(5.10) 

(5.11) 


(5.12) 
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+ 






ml 


(1 < j < M) 

{M <i<2N,M = odd) 
(M < i < 2N, M = even) 


(5.13) 




(-l)^2g-S"^ 

Mo 


+ 


[w]^ 

r~^q~im 

[w]^ 

Ho 

j.mq-^m 

[mL 

^niq-^m 

[m\n 

^rriq-^m 

Mlo 


{l<i<L) 

{L<i<L + M,L = odd) 

{L < i < L + M, L = even) 

{L + M <i < 2N, L = odd, M = odd) 

{L + M < i < 2N, L = odd, M = even) 

{L + M < i < 27V, L = even, M = odd) 

{L + M < i < 27V, L = even, M = even) 

(5.14) 


Here we have used 


Om = 


1 (to = even) 
0 (to = odd) 


(5.15) 


The following theorem is main result of this paper. 

Theorem 5.2 A bosonization of the boundary state b(0| G T*(Ao) is realized as follows. 

b{0\ = {Ao\e^-Pr. 

Here G is given in /TOI) . and Pr is the projection operator. 


(5.16) 


6 Proof 

In this Section we give a proof of the boundary state. The following proposition gives sufficient condition 
of Theorem O 

Proposition 6.1 A sufficient condition of b{0\Tb{z) = b(0| is given by 

(0|e%*(z-i)7Vj (z) = (0|e%*(z) (j = 1, 2, • • •, 27V). (6.1) 

Proof. Multiplying ^*{z) to _B(0|rB(z) = b( 0| from the right and using the inversion relation of the 
vertex ooerators (13.141) . we have = b(0|$*(z). The projection operator Pr commutes 

with the vertex operators, we have {Q\e^(j)*{z~^)Ki{z) ■ Pr = (0|e®(()*(z) • Pr. Removing the projection 
operator Pr, we have the above sufficient condition. Q.E.D. 
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6.1 Action of vertex operator 

In this Section we study the action of the vertex operator on the boundary state. 

Proposition 6.2 

^ {m > 0,1 < i < 2N), 
m 

e^cL^e-^ = + ^ {m > 0,1 < j < N), 

m 

(m > 0,1 < t < 2Af - 1). 

Proof. We note that 

OO - 

e^Xe-^ = ^ -^ad(G)"(X). 

n—0 

Using acP{G){X) = [G, [G, X]] = 0 for X = a\^, c{^, we have 

e^Xe-^ = X + [G,X]. 

Using the following relations, we get proposition. 

[G,cP_J = + 

m 

[G.ciJ = 

m 

\tti \^ 

[G,A_J = + 

m 

Q.E.D. 

We set notations. 

°° 

A^iz- Ac) = T E (i = 1,2,. •., 2iV - 1), 

OO - 

B±{z-, ^) = TY.rT 

1 K? 
m—1 

OO 7' 

c4(z) = tEt^"^™ (j=l,2,...,iV). 

We have A*^{z-, k) + k) = Qa^ + ajlogz + B+{z-, k) + B-{z; k). 

Proposition 6.3 The actions of the basic operators are given as follows. 

(0|e'^e-^-(«“’5) = (7,(u;)(0|e®e-^+(«/“’5) (i = 1, 2, • • •, 2Af - 1), 

(j = 1, 2, • • •, iV), 

where Cj{w), fi{z), and gi{w) are given as follows. 

Cj{w) = l + w‘^ {j = 1,2,--- ,N), 


( 6 . 2 ) 

(6.3) 

(6.4) 


(6.5) 

( 6 . 6 ) 
(6.7) 


( 6 . 8 ) 

(6.9) 

( 6 . 10 ) 


( 6 . 11 ) 

( 6 . 12 ) 

(6.13) 


(6.14) 
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(6.15) 


V?W(z) {L = M = 0,R> 0) 
fi{z) = I (l-rz)(p[2l(z) (L = 0,M,i?>0) 
(l + z2)(^[3l(z) {L,M,R>0) 


gf\w) iL = M = 0,R>0) 
{L = Q,M,R> 0) 
(L, M,R>Q) 


9^{w) = 


gf\w) 




gf\w) 


Here we have set 


= 


1 (i = odd) 

(1 — w'^) (z = even) 

3 {i = M,M = odd) 


gf\w) = gf'{w)x 


- Ji]/ 





gf\w) X < 


{l — w/qr) 
1 

{l — w/r) 
1 

(1 — q^rw) 
1 

{1—qrw) 

1 

{1 — rw/q) 
1 

(1—riu) 


(z = M, M = even) , 

(otherwise) 

{i = L,L = odd) 

(i = L,L = even) 

{i = L + M,L = odd, M = odd) 
(z = L + M, L = odd, M = even) 
(z = L + M, L = even, M = odd) 
(z = L + M, L = even, M = even) 
(otherwise) 


Proof. Using Proposition 16.21 we have 


gGg-Ai(9™;i)g-G ^ 
gGgB_(q^;i)g-G ^ 
gGg-ci(9™)g-G ^ 


(6.16) 


(6.17) 


(6.18) 


(6.19) 


( 6 . 20 ) 

( 6 . 21 ) 

( 6 . 22 ) 


where 


gjiw) = 

fi{z) = exp 


exp - ^ 

\ m>0 

1 


i^g^™(/3^-/3^+i)zz;™ (l<j<2iV-l), 


m>0 


+ 1 - 


—) E 

2N J ^ m 

' ?71>0 


m>0 
' 2N 


m 


1=1 



= »p - j: —+j: 


2m 


m 


(1 <7 < A^). 


(6.23) 


(6.24) 


(6.25) 


Using (I5.10|) and (j5.11l) . we have the explicit formulae of gj{w), fi{z), and Cj{w). Acting these operators 
to the vacuum vector (0|, we obtain this proposition. Q.E.D. 
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We set 


D{z,w) = (1 — qzw){l — qw/z){l — qz/w){l — q/zw), 


'^{wi,W2) = 
H‘^^Wi,W2) = 


(1 — q^wiW2){l — q’^wi/w2) 

g-^+ {qtui)-A^ {q/wi)+c^_^{qwi)+c^_^{q/wi) 


D{wi,W2) 

^ iqw)-A^_^ {q/w)+c{{qw)+c^iq/w) _ 

Proposition 6.4 

D{z, w) = D{z~^,w) = D{z, w~^) = D{z~^,w~^), 

H^^-\wi,W 2) = q-^^wlHl{-\w^\w2), H^^-\wi,W2) = 

H‘^^(wi,W2) = ,W2) = {wi,W2^) = 

J^^{w) = J‘^^{w~^). 

Proposition 6.5 The following relations for W 2 ) {j = 1, 2, • • •, TV, e = ±) hold. 


/ dwi 

( 1 ^ 

f —q 1 

qwi H- 

Jc Wi 

V 9 «^i/ 




dwi 

c wi 




e=± 


^Wi 


(l-gWiW2) ^2.,-l 


q'^wi J (1 — s/wi) 


{WI,W2) 


= (1 — qsw 2 ) </ (qwi + 

Jc wi \ 


1 \ (1-^^) 


iV? ^{WI,W2). 


qwi J {1 — s/wi){l — swi) ''' 

/ ^ (q‘'wi + wi(l - qwiW2)H^^~^{wi,W2) 

JC wi ^ \ q^wij 


= q W2 


fqwi +{1 - wI)hI^ ^{wi,W 2 ). 


C wi 


qwi J 


(6.26) 

(6.27) 

(6.28) 

(6.29) 

(6.30) 


(6.31) 


/ d^ ^ (q^wi + (1 - qwiW2)Hl^ '^{wi,W2) 

= / + ^_Ei _ (6.32) 

Jc ^1 V d^l/ 

/ ^ (1 - swi)(l - qwiW 2 )Hl^~^{wi,W 2 ) 

Jc wi V q^wij 


(6.33) 


(6.34) 


(6.35) 


Here the integration contour C encircles Wi = 0, s, qw^^ but not s q . Note that the integral 

§C ITT {i-s/lj[)i^-sw,) H+~^i.wi,W 2 ) is invariant under W 2 ^ wfJ 

Proof. We show the second relation (j6.33|) . We start from LHS : 


dwi 


C wi 
[ dw^ 


1 


qwi 

q wi 


q ( qwi + —^ ) (1 - swi)(l - qwiW 2 )Hl^ ^(^ 1 , 1 ^ 2 ) 


^^q ^ (—+— ] {1 - swi){l - qwiW 2 )Hj’ ^{wi,W 2 ). 
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Changing the variable wi Wi^ in the second term and using ^,^ 2 ) = q^w\H‘^ ^(wi,W 2 ), we 


Proposition 6.6 


have RHS after summing up the first and the second terms. The relations (16.341) and (16.351) are obtained 
in the same way. Upon the specialization s = 0, (16.321) is obtained from both (16.331) and (16.341) . Q.E.D. 

The following relations for {wi,W 2 ) (j = 1, 2, • • •, N) hold. 

I ^^(1 - St(;i)(l - W 2 ) 

Jc Wi (1 + wf) 

2w2 Jc Wi Wi{l + wf) 


dwi 

c ■'"I 


wi(l - q/wiW2) 


a-wi) 




W2) = —r: X- 


(1+wf) V 2 wi Wi(l + Wj) 


dwi 2,7 ^ 

- ■>{wi,W2) 


(6.36) 

(6.37) 


Jc Wi (1 - s/wi) 1 + Wi 

dwi {l — wlY' H‘^^(wi,W2) 


= “d— 0--sw2/q)x^ -—-^ 

2 w 2 Jc ^^1 u;i(l + uij) (1 — sr(;i)(l — s/u>i) 


(6.38) 


Here the integration contour C encircles wi = 0, s, V~^> but not s q Note that 

the integral j>^ ’ '^ 2 ) is invariant under W 2 —>■ . 

Proof. We start from LHS. Taking into account of the relation j> ^f{w) = 5 / + f{w~^)) 

and using {wf^, 102 ) = {wi,W 2 ), we have 

1 / {(1 _ st(;i)(l - q/wiW 2 ) - (1 - s/wi){l - qwi/w 2 )} ] ^\ H'^^{wi,W 2 ). 

2 Jc wi l + w{ 

From (1 — swi)(l — q/wiW 2 ) — (wi t-)- w)"^) = — 1)(1 — sw 2 /q), the relation (16.361) is obtained. 

The relations (16.371) and (16.381) are obtained in the same way. Q.E.D. 


We have the actions of the vertex operators as follows. 

Proposition 6.7 The actions of the vertex operators 4>1 (^); ■ ■ ■ ) J2n{^) are given as follows. 


N 


j-1 s 


(A“; A=|e«</>;^.(z) = i-l){q - q'^-^ [] J] 11 J] 11 W 


n^2s-iw 


— e2i-i (A^ + l) 


i -1 


S=1 t = l 

2 i-i 


-A72<, 


n 


, , , Jc 2^T^/^Ws 

ei,e 3 ,-",€ 2 j-i=± s=l s—1 s=l V 




ll(5^2s-i) 


j-1 2i-l 

s=l s=l 


Cs{q^'^‘-^W2s-l) 


Csiw2s) 


(1 - q/zwi) 
D(z,wi) 


J-l 


i-1 


11(1 - q/w 2 sW 2 s+l) “ qW 2 s-lW 2 s 


S=1 S=1 

X (A“;A°|e'^e‘3a2j-Qcje^+(«^:^)+®+(9/^;5) (6.39) 

i-i i-i 

^ n-^^ 2 *-l(^ 2 s-l,^^ 2 s)n^^"(^ 2 s,W 2 s+l)jf,''”J(w 2 j-l) (j = 1,2,---,N), 
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where we take the integration contour C to he simple closed curve that encircles Ws = 0, \/—1, but 

not -y/^, for s = 1,2,-2j - 1. 




X 


X 


X 

X 

X 


N 




J S J S 


hiz) 


s=l 


s=l 

j 


2i 


tilt's 


E n "2-1 n 9 n j 27ry^«;« 

ei,e 3 .---.« 23 -l=± s=l s=l s=l 

T 1 1 1 l'^2s j 

S = 1 S = 1 S=1 S=1 ^ ' 

{1 q/zwi) JJ- _ g/^ 2 sW 2 s+l) ]^(1 - qW2s-lW2s) 

Diz,wi) 

(A“; A°|e"^e‘5»=^i+1 ^B+igz-,i)+B+(q/z;i) (g 4Q) 

3 i-1 

n H'^L~-\{'U’ 2 s- 1 ,W 2 s) JI H'^''{w 2 s,W 2 s+i)J'^^ iw 2 j) (j = 0, 1, 2, • • • , iV - 1), 


where we take the integration contour C to he simple closed curve that encircles Ws = 0, \/—1, qw^^ but 
not —y/—l, q~^wf\ for s = l,2,---,2j. Here Cj(w), fi{z), and gj{w) are given by \6.14\) , S6.15\) . and 
\6.16\) . respectively. 


We understand (16.401) for j = 0 as follows. 


N 


(A“;A1e"^<^*(z) = n 


^y/ZZlTT\ 


=‘»/i(z)(A“;A^|e'^e'5“ie^+(‘?^’5)+s+(9A;^)^ 


6.2 Proof for Uq{gl{l\l)) 


First wesliowtliecase{7q(5Z(l|l)) forsimplicity. It is enough to consider the case iF( 2 ) = 

We would like to show the following two relations coming from the sufficient condition (IQ) . 


1 — rz 
l-rjz 

0 


0 

1 


Proposition 6.8 

(1 — rz)(^[^l(z)(0|e‘^(/)J(z“^) = (1 — r/z)(/5[^l(2“^)(0|e"^(/)*(z), (6.41) 

<^[2](^)(0|e"^,)>*(z-i) = ^^^\z-^me^4>l{z). (6.42) 

Proof. 

• The relation (I6.41|) : From (I6.40F we have 

(1 — rz)(p^'^\z){Q\e^ (j)\{z~^) 

= (1 - rz)(l - r/z)(p[2l(z)(p[2l(z-^)e'^’^^=(0|e‘^e'3oie^+(«^’5)+s+(9/^;i) (6.43) 

= {^-r/z)gP\z~^){{)\e'^(j)l{z). 
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We have shown the first relation (16.411) . 

• The relation (I6.42|) : From (16.391) . we have LHS of (16.421) as follows. 


E f dw (1 — qz/w)(l — r/z) 
ef- 


Because RHS = LHSI^-n/^, we have 


D{2 


-gi{w)q ^Ci{q^w)Jl{w). 


(6.44) 


LHS-RHS = 


|gC?gQ„2-Q^igB+(9z;^)+B+(g/z;i) 




f dw 


e=± 


I 2TTy/^W D{z,w) 


q w 


1 

q'^w 


J^{w). 


(6.45) 


Here we have used D{z, w) = D{z ^,w) and gi{w) = Ci(w) = 1 + w^. Taking into account of the 

relation / ^f{w) = i f ^(f(w) + f(w-^)), we have 



dw q'^w + (q'^w) ^ 
w D{z,w) 


Jl{^) = E 

e=± 


dw (q^w) + (q^w) ^ 
2w D{z,w) 


{Jl{w) + J^{w ^))=0. 


Here we have used D{z,w) = D{z,w ^) and J}{w ^) = J^^{w). Hence we have LHS = RHS. We have 
shown (I6.42|) . Q.E.D. 


6.3 Proof for [/q(^/(A^|A^)) 


In this Section we show the case of higher-rank Uq{gl{N\N)) {N > 2). Upon the specialization r = 0 for 


the case L = 0, M, R > 0 such that M + R = 2N, we have diag ^ i-r/^z ’ 


1 — rz 1 
■ ■ ■ ’ l-r/z’ ■ 


= id. 


Hence, it is enough to consider two cases K{z) = (s = 2, 3). 

Proposition 6.9 For L = 0, M, R> 0 such that M + R = 2N, we have 

{l-rz)ip^'^\z){0\e^(j)*{z~'^) = (1 - r/z)(/3[^'(z"^)(0|e'^<()-(z) (1 < i < M), 


r=0 


^Pl(z)(O|e^0*(z-^) = ^l^l(z-^)(O|e^0:(z) 




G j,* ( 


{M <i< 2N). 


(6.46) 

(6.47) 


Proposition 6.10 For L, M, R > 0 such that L + M + R = 2N, we have 

zip^^\z){Q\e°(l>*{z-^) = z-^ip^^\z-^){Q\e°(t>*{z) (1 < ^ < L), (6.48) 

{1 — rz)(p^^\z){0\e^(j)*{z~^) = {1 — r/z)(p'^^\z~^){0\e^(j)*{z) {L < i < L + M), (6.49) 

(p^^^iz){0\e^(l)Uz~^) = ip^^\z-^){Q\e^(j)*{z) {L + M <i<2N). (6.50) 

Proof of Proposition 1 6 . .91 

• The relation (I6.46P for f = 1 : From (16.401) . we have LHS and RHS of (I6.46P as follows. 

LHS = (1 - rz)(l - r/z)(/ 3 l 2 ](_^)^[ 2 ](_^-l)^Q|gGgQ„igB+(g^;i)-HB+( 9 /^;i) ^ (g 5 ^) 


We have shown (|6.46l) for z = 1. 

• The relation (16.461) for i = 2j {j > 1) : From (16.391) . we have LHS — RHS of (16.461) for i = 2j as follows. 


LHS - RHS 
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= qIq — Q ^{z — z ^){1 — rz){l — r/ 

i 2j—1 ^ j 2;/ —1 


(-2s-iq 


-£ 23-1 


n 


dws 


2'K\/—h 


Ws 


n 9s{ws) 


nLlCs(9"""-'W2s-l) 


nLiCs(w 2 s 


X E H' 

ei,---,£ 2 j-l=± s=l 

X - q/w2sW2s+l)il - qW2s-lW2s) (o|^G^Q„ 2 ,- .1 gB+(,.;i) + B+(g/.;i) 

wiD{z, wi) 

n HeLZ\{w2s-l,W2s) n H^yW2s,W2s+l)JelZliw2j-l)- 

S — 1 S = 1 


(6.52) 


We focus our attention to the following integral relating to the variables wi,W 2 , -' ‘, 'u> 2 j-i in (I6.52p . 


E n 

£l ,'",£ 23 - 1 =± s=l 
J-l 


e2s-iq 


23-1 

s=l 


dwa 


2i-i 


c 


27r\/^^a 


n 9s{ws)- 


Ui=lCs{q‘'^‘-^W2s-l) 


nLiCs(w 2 s) 


3-1 3-1 

X ]^(1 - g/w 2 sW 2 s+l)(l - qW 2 s-lW 2 s) H^^~_\{w 2 s- 1 ,W 2 s) {w 2 s,W 2 s+i) 


S=1 


X jE_liw2j-l) 


wiD{z,wi)' 


(6.53) 


First we study (16.531) for j = 1. We have 

dwi q~^^Ci{q'^'^Wi) 


ei=± 


ei 


wi wi D{z,wi) 


= 0 . 


Now we have shown (16.531) for j = 1- 

Next we study (16.531) for j > 2. We focus our attention to the variable wi. Using (I6.32p and 
D{z,wi) = D(z, ui)"^), we have 



dwi ci( 9 ‘^^wi) (1 — qwiW 2 ) 
wi wi D{z,wi) 


Hy{wi,W2) 


dwi ( 1 \ (1 - wl) 

- q {qwi + - 1 ^ 


Wl 


qwi J D{z,wi) 


HI{wi,W2). 


After calculation for wi we focus our attention to the variable W 2 - Using (j6.36l) and H^{wi ^, 1112 ) = 
HX{wi,W 2 ) we have 


I _ q/yj2Wz ) ^^ (W2 , W 3 )-ffi (wi, W2 ) 

J W2 C2{W2) 


q 

2w3 


(1 - q/w 2 W 3 ) \ (W2, W3)g)]. (Wl, W2). 


W2 


W 2 (l +ici) 


We get the following integral relating to the variables W 3 , W 4 , • • •, W 2 j-i- 


X 


X 


E n 

£3.'".£2j-l=± s=2 

3-1 


e 2 s-ig 


-£ 23-1 


23-1 

n 

s=3 


dWs 


23-1 




Ws 


n 9s{ws) 


ns =2 Cs{q^^‘-^W2s-l) 


nE c3(w2s 


s=3 


J-l 


n(l - q/w 2 .W 2 s+l)il - qW 2 s-lW 2 s) H E^.-l {w2s-l,W2s)H'^yW2s,W2s+l) 


s=2 


s=2 


E-l iw2j-l)—H^{w2,W3). 

W 3 


(6.54) 
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The structure of (16.531) and (16.541) are the same except for their sizes and minor difference between 
D{z,wi) and H^{w 2 ,W 3 ). We note that D{z,w) and H^{z,w) are invariant under w —>■ w~^. Using 
(I6.32P and (16.371) we calculate the variables W 3 ,W 4 , ■ ■ ■, W 2 j -2 iteratively. Then we get the same relation 
as (16.531) for j = 1, that we have already shown. 

• The relation (|6.46|) for i = 2j + \ (j > 1) : From (I6.40L we have LHS — RHS of (16.461) for i = 2j + 1 
as follows. 


LHS - RHS 

= -q{q - q~^y{z - z-y{l - rz){l - r/z)ip^^yz)ip^^\z-y 

TT TT / TT / ^ fr Cs(g'^^'’-iW 2 s-i) 

€l,-",e2j-l=± S—1 ^ V * 

p- 1 / 


Csiw2s) 


X ns^l(l - q/w2sW2s+l) ns^l(l - qW2s-lW2s) /p, 1) + B^1) 

wiD{z, wi) 

3 j ~ 1 

n Hj^7yiw2s-l,W2s) H'^7w2s,W2s+l)j'^7w2j). 


X 


(6.55) 


S=1 S=1 

We focus our attention to the following integral relating to the variables wi,W 2 , ■ ■ ■, W 2 j-i in (16.551) . 

j p , 2j j 


E n ^2.-1 n £ ft ft 

,-,e 2 j-i=±s=l s=l 


Cs{ q^^"~^W2s-l) 
Csiw2s) 


ei,-",€. 2 j-l—± s—1 

i-1 3 3 i-1 

X n(i-9/^2sic2s+i)n(i - qW 2 s-lW 2 s) Hl7y{w28-l,W2s) i7 (W 2 s , W 2 s+ 1 ) 


S =1 


S = 1 


S = 1 


S = 1 


X J‘^7w2j)- 


1 


(6.56) 


wiD{z,wi)' 

First we study (16.561) for j = 1. We calculate the variable wi using (I6.32F Then we have the following 
integral relating to W 2 - 

dW2 92 {w 2) j2t . n 

-7 —zJ M = 0, 

W2 C2[W2) 

where we have used = J^(w 2 )- Now we have shown (16.561) for j = I- 

Next we study (I6.56|) for j > 2. We focus our attention to two variables wi,W 2 - Using relations (16.321) 
and (j6.37|) in the same way as the above, we have the following integral relating to W 3 ,W 4 , ■ ■ ■, W 2 j- 

E n^2s-in / 7— 

.3.-,t^-l=±s=2 


Cs( g‘^^°-^W2s-l) 
Cs(w 2 s) 


V - —g_3 g_2 

i-1 3 3 i-1 

X [](l-9/zC2s«72s+l)n(l - qW 2 s-lW 2 s) n^'2"-i(«^2s-i,w;2.)n H‘^7w2s,W2s+i) 


s =2 


s =2 


s=2 


s =2 


1 


X J^yW2j) - H‘^{w2,W3). 

W3 


(6.57) 


The structure of (16.561) and (16.571) are the same except for their sizes and minor difference between D{z, rci) 
and H‘^{w 2 ,W 3 ). Using (j6.32p and (j6.37l) we calculate the variables W 3 ,W 4 , ■ ■ ■ ,W 2 j -2 iteratively. Then 
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we get the same relation as (16.561) for j = 1, that we have already shown. 


'i'he relation (16.471) for i = 


LHS - RHS 

= 

1 

1 

1 


3 

X 

E E 


ei,"u€ 2 j-i=± s— 

X 

(1 - rwi/q)^ 


i-1 

X 



[ ^2s-iq 
-1 

i-i, 


2j-l 

S = 1 


2'k\/—1w, 

1 - qw2s- 
wiD(z, wi) 


dWs T-r^ , 

11 9s{Ws)- 


riLl 


J-1 

{W2s- 1, W2s ) n (^2s , W2S+1) ^ {W2j-1 ). 

S = 1 S = 1 

We focus our attention to the following part relating to the variables wi,W 2 , ■ ■ ■, W 2 j-i in (16.581) . 


(6.58) 


E n 

ei,---,e 2 j-l=± s=l 
J-l 


^2s-iq 


-e 2 j-l 


2 j-l 

n 


dws 


2i-i 


C 




Ws 


n 9siws)- 


Ui=lCs{q''^-’-^W2s-l) 


ns=lcs(u; 2 s) 


t -1 t -1 

]^(1 - g/u; 2 sW 2 s+l)(l - qW 2 s-lW 2 s) H^^~_\{w 2 s- 1 ,W 2 s) i/^®(w 2 s, W 2 s+i) 

S = 1 S =1 S =1 


X (1 - rwi /q) X J^l_l {W 2 j-i) 


1 


wiD{z, wi) 

First we study (16.591) for M = 1 and j = I, where gi{w) = 

dwi Cijq'^^wi) (1 - rwi/q)gi{wi) ^ ^ 

D{z,wi) ^ 


(6.59) 


E ^19“ 

€l=± 


Wi Wi 

We have shown (16.591) for M = 1 and j = 1. 

Next we study (|6.59p for M = 1 and j > 2, where gi{w) = Y-lwlq - focus our attention to the 

variable wi. Using (I6.32L we have 

Y- r dwi ci{q^^wi) gi{wi){l-rwi/q) , 

> ei i-—--- {l-qwiW2)H {wi,W2) 

efZ± d wi wi D[z,wi) 

I f 1 \ (1 ~ n;f) , 

= f — q[qwi-\ -— -^i?+(wi,w 2 ). 

J Wi \ qwij D(z,Wi) 

We focus our attention to the variable W 2 - Using (|6.37|) we have (16.541) as the part relating to W 3 , rc 4 , • • •, W 2 j- 
Hence we have shown (I6.59p for M = 1 and j >2. 

Finally we study the case M >2 and j > 2. Using (I6.33F (j6.37l) we calculate wi,W 2 ,- “ ^wm-i 
iteratively. Hence we have the following integrals relating to wm, wm+i, ■ ■ ■, W 2 j-i- For M = odd, we 
have 

j 2j-l 


E n 

eM,---.e 2 j-l=± J— 

f -1 


e 2 s-ig 


-e2j-l 


n 

s=M 


dws 


c 


27ri/—111 


TT^ M+l Cs{q^'^‘-^W2s-l) 

gs{ws)- 


® s=M 


Cs(w 2 s) 


{I- q/w 2 sW 2 s+l){^- qW 2 s-lW 2 s) HI^~}^{w 2 s- 1 ,W 2 s) {w 2 s,W 2 s+i) 


. M + l 


X (1 - rWMh) X {W2j-l) 


H ^{wm-i,wm) 


Wm 


(6.60) 
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For M = even, we have 


H n 

£M + l,'",e2j-l=± s=M + l 

J-I i-1 


-£23-1 


2j-l 
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s=M 
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C 


27r\/—Ire, 


2j-l f] 

n 
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s=M + i 


Cs((7"23-1u;2^_^) 


® s=M 


ns=M Cs{w2s) 


n (1 - 


j-1 i-1 

sre2s+lj {1 - qW2s-lW2s) H'^^~_\{w2s-1,W2s) Y\_ ^'^'‘i'^2s,W2s+l) 

s=-f *=^- + 1 s=-f + l s=f- 

/, 1 727-1 / H^~^{wm-1,Wm) /gc1\ 

X {1 - rwM) X Aw2j-i) -■ (6.61) 

" WM 

For M = odd, we have gniw) = ■ Hence (16.601) becomes the same as (16.541) except for its size. 

Hence we have shown the case for M > 2, j > 2, and M = odd. For M = even, we have gM{w) = . 

Using (16.361) we calculate the variable wm- Hence (16.611) becomes the same as (16.541) except for its size. 
Hence we have shown the case for M > 2, j > 2, and M = even. 

• The relation ()6.47p for * = 2j' + 1 : From (I6.40p . we have LHS — RHS of (16.471) for j = 2j + 1 as follows. 
LHS - RHS 
= -q{q - q-^iz - 


£l,....£2j-l=± S = 1 S = 1 ^ S = 1 S = 1 

TJ-l 


Csi q’'^‘-^W2s-l) 
Csiw2s) 


(1 - rwi/q) 


X nLl(l - q/w2sW2s+l) nLl(l - g^^2.-m^2.) 

wiD{z,wi) 

3 1-1 

X Y\_^'^27-A'^'Z»-l^W2s)WH'^‘'{w2s,W2s+l)j‘^^{w2j)- (6.62) 

S^l S^l 

We focus our attention to the following integral relating to the variables wi,W 2 r‘ ‘: '^ 2 j-i in (|6.62p . 


E ri«.-.n£i;;^ns.K)ri 

£l,...,£23-l=± S = 1 S = 1 V s 

1-1 


Cs{q^‘^^-^W2s-l) 


,{w2s) 
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S=1 


S=1 


S=1 


X (1 — rwi/q) X J^^{w2j)- 


I n7-7- (6.63) 

wiD{z, wi) 

First we study (j6.63|) for M = 1 and j > 1, where gi(w) = . We focus our attention to the 

variable wi. Using (16.331) we have 

dwi Ci(q'^^wi) (1 — qwiW2) 


ei—± 

dwi 


wi wi D{z,wi) 
1 \ (l-ll'f)77l 


-5i('M'i)(l - rwi/q)Hl^{wi,W2) 


q qwi + 


H'^{wi,W2). 


qwij D{z,wi) ^ 

We focus our attention to the variable W 2 - Using (I6.37P we have 

/ 32(^2) _ qy'y;2ui3)iF^(r(;2,rc3)id({-(i«i,'U'2) 

J W2 C2{W2) 


_ q I dw 2 (1 - wlY 

2 w 3 J W2 W 2 (l+ia|) 


iw2,W3)H]{wi,W2). 
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Then we have (16.571) as the part relation to W 3 ,W 4 , ■ ■ ■ ,W 2 j-i- Hence we have shown (16.631) for M = 1 
and j > 1. 

Next we study (16.631) for M > 2 and j > 1. Using (j6.33l) and (I6.36P we have the following integrals 
relating to the variables wm,wm+i, • • •, W 2 j- For M = odd, we have 

E ri n f n n “‘‘'“'/‘“'r*’ 

V+I sEm 27r\/^n;s V..2 Cs{w2s) 


CM ,"^e2j-l=± s=ii£±i 


S=M 
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i-1 3 j i-1 

X Yl {l-q/w2sW2s+l) n - <1W2s-1W2s) H ^" 2 '-l H H'^%W2s,W2s+i) 


. M + 1 


^—M±l 


. M + l 


. M + 2 


X (1 - rwulq) X J‘^^{w 2 j) 




For M = even, we have 


n n n 

£M+l,'",e2j-l=± s=^ + l S=M'^^ 


WM 


2-5 £ ^ 

dw^ 


(6.64) 




n 9s{ws 




® s=M 
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Cs{w2s) 


t-1 j j i-1 

X (1 - g/?i’2sW2s+l) {I - qW2s-lW2s) (^^28-1, t«2s) (W2s , W2s+1) 

s=M. s=f- + l s=f^ + l s=f- 

\ t 2 u sH^~^{wM- 1 ,Wm) lRRr\ 

X (I - rwM) ^ J Hw2i)—^ -. (6.65) 


WM 


For M = odd, we have gM{w) = ■ Hence (16.641) becomes the same as (16.571) except for its size. 

Hence we have shown (|6.64l) for M > 2, j > 1, and M = odd. For M = even, we have gM(w) = . 

Using (16.361) we calculate the variable wm- Hence (16.651) becomes the same as (16.571) except for its size. 
Hence we have shown (I6.65|) for M > 2, j > 1, and M = even. Q.E.D. 


Proof of Proposition \6.10\ 

Proposition 16.1(11 is shown in the same way as Proposition [6l9l 

• The relation (16.481) for j = 2i : From (16.391) the relation (16.481) is reduced to the following relation. 

TT -<^2i 1 TT TT / ^Oi-i Cs(9*^^*“’^^2s-i) 

1-1 1-1 1-1 
X ]^(1 - g/w 2 sW 2 s+l)(l - qW2s-lW2s) Hlf~}^{w28-l,W2s) (W 2 s, lC 2 s+l) 


S = 1 


S=1 


S=1 


X 4 Vi(^ 2 j-l)- 


1 


= 0 . 


^ wiD{z,wi) 

Using (16.321) and (I6.37p . the relation (16.661) is shown in the same way as Proposition l6.9l 


( 6 . 66 ) 


The relation (16.481) for j = 2i + l : From (16.401) the relation (I6.48|) is reduced to the following relation. 
TT TT / TT t ^ IT ^s{q^^‘~'^W2s-i) 

E n ^2.-1 n t n ^siws) n 

i-1 


3-1 


3 3 

X n(i-9/'"28iii28+i)n(i - qW2s-lW2s) H'^^^_\{w2s-1,W2s) {w2s , W2s+i) 

S — 1 S = 1 S = 1 S = 1 
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X J‘^^{w2j)- 


= 0 . 


WiD{z,Wi) 

Using (16.321) and (I6.37|) . the relation (16.671) is shown in the same way as Proposition [6]9l 
• The relation (16.4911 for j = 2i : From (j6.39l) the relation (16.4911 is reduced to the following relation. 


(6.67) 
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X (1 - wi/qr) X iw 2 j-i)- 


1 


= 0 . 


( 6 . 68 ) 


£2,-1 V ^'wiD{z,wi) 

Using (I6.32L (j6.33ll . (I6.36p . (16.3711 . the relation (16.6811 is shown in the same way as ProDOsition l6.9l 
• The relation (16.4911 for j = 2i + l : From (16.4011 the relation (I6.49P is reduced to the following relation. 
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S=1 


X (1 - wi/qr) X J‘^^{w 2 j)- 


= 0 . 


wiD{z, wi 

Using (I6.32L (16.3311 . (16.3611 . (16.3711 . the relation (16.6911 is shown in the same way as Proposition l6.9l 
• The relation (16.5011 for j = 2i : From (16.3911 the relation (16.5011 is reduced to the following relation. 


(6.69) 


Y[e2s-iq 
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X 4Vi(^2j-i)- 
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(6.70) 


D{z, wi) 

Using (I6.32L (I6.33|l . (I6.34L (I6.35F (I6.36F (I6.37L (I6.38|l . the relation (16.7011 is shown in the same way as 
Proposition imi 

• The relation (16.5011 for j = 2i + l : From (16.4011 the relation (I6.50p is reduced to the following relation. 


2j 


dws 
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£l,---,£2j-l=± S=1 S=1 V » 

i-1 j j i-1 

X ]^(l-9/u;2sW2s+i)n(l - qW 2 s-lW 2 s) H^^^_\{w 2 s- 1 ,W 2 s) {w 2 s , W 2 s+i) 
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X 
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S=1 


S=1 


(6.71) 


D{z,wi) 

Using (I6.33L (I6.33p . (I6.34L (j6.35ll . (16.3611 . (I6.37L (I6.38|l . the relation (j6.71ll is shown in the same way as 
Proposition [nm Q.E.D. 
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7 Concluding remark 


In the present paper, the ?7q(gZ(A^|-/V))-analog of the half-infinite t-J model with a diagonal boundary is 
considered by using the vertex operator approach. A bosonization of the boundary state b(*| satisfying 
B (^\Tb{z) = _b(j| is constructed by acting exponential of the bosonic operator G on the highest-weight 
vector (Ail in the integrable highest-weight module y*(Ai) : 

B{i\ = (Aile'^ • Pr, 


where Pr is the projection operator. In the present paper we focus our attention to V*{Ki) for i = 0 and 
i = 2N — I. The boundary states in y*(Ai) for i = 1,2 can be constructed in the same way. 

For more general integrable boundary conditions, bosonizations of the boundary states are open 
problem. Here we study non-diagonal solutions of the boundary Yang-Baxter equation associated with 
the quantum superalgebra Uq{gl{N\N)). Let us set and We have 

V = Let us study the boundary Yang-Baxter equation in B © F with the i?-matrix (12.41) . 


K2{z2)R2A^lZ2)Ki{zi)Ri^2{zi/z2) = i?2,l (^ 1 7-2:2) All (zi )i?y 2 (Z 1 Z 2 ) ^12 ( 22 ) ■ 

Let US set K{z)vi = (z). For a ^ b we have 


(Ar 2 ( 2 : 2 )P 2,1 ( 2:1 Z 2 )ATi (zi)i?i 2 (^ 17 ^ 2 ))^ ^ 
(P2,1 (-217-22) A^l (.Zl )-Rl,2 (zi Z2) Ar2 (Z2 )) ^’^ 




-Trb , 


Hence we have the following necessary and sufficient condition upon the assumption K^{z) ^ 0. 


(LHS)y„ = (BBS) 


b,b 


RZi^) = 


- 6.6 


Because R^g^{z) ^ RA{z) for a 7 ^ 6 {mod.2), we have 


a 7 ^ 6 {mod.2) 


k\{z) = Q. 


(7.1) 


(7.2) 


Hence the boundary Yang-Baxter equation in B©B associated with Uq{gl{N\N)) splits into two boundary 
Yang-Baxter equation in © B^^^ associated with Uq{sl{N)). Hence we get the following procedure 
to construct non-diagonal solution of the boundary Yang-Baxter equation associated with Uq{gl{N\N)). 
(i) First, we give a diagonal solution in End(B) associated with Uq{gl{N\N)). (ii) Next, we extend it 
to non-diagonal by using two boundary Yang-Baxter equation in B^^^ © B*-^^ associated with Uq{sl{N)). 
The same argument holds for Uq{sl{M\N)) [M 7 ^ N). 

We study the t/q(gl(fV|A^))-analog of the half-infinite t-J model with a non-diagonal boundary. 

• Uq{gl{l\l)) : From the argument above, there isn’t non-diagonal solution of the boundary Yang-Baxter 
equation. There exists diagonal solution only. 

• Uq{gl{2\2)) : Let us set D{z) S End(B) be a diagonal solution. Let us set O^^^(z) in End(B(±)) be 
two off-diagonal solutions associated with Uq{sl{2)). The following K{z) gives a non-diagonal solution 
associated with Uq{gl{2\2)). 


K{z) = D{z) + 0^+\z) + 0^-\z). 


(7.3) 
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Here 0^^\z) S are understood as operators in End(E). For triangular boundary condition, 

we have progress on the boundary state associated with Uq(sl{2)) [TSl [IH [H] . We would like to report 
the boundary state of Uq{gl{2\2)) spin chain with a triangular boundary in another paper. 
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A Quantum superalgebra U,(gl(N\N)) 

In this Appendix we give the definition of the quantum superalgebra Uq{gl{N\N)) [T^]. We introduce 
the enlarged Cartan matrix A = (Aij)o<ij< 2 N for gl(NlN) as follows. Let {ai\i = 0,1, 2, • • •, 2N — 1} a 
set of simple roots of the quantum superalgebra sl{N\N) given by 


ao = 6-ei+e2N, aj = ej - ej+i {j = 1,2, ■ ■ ■ ,2N - 1), 


(A.1) 


where we have set {ej}i<j<2N, S satisfying ((5|i5) = 0, {S\ej) = 0, and {ei\ej) = {—iy~^^6ij. The enlarged 
Cartan matrix {Aij)o<ij<2N-i for sl{N\N) is given by Aij = {ai\aj) (0 < i,j < 2N — 1). We extend 
sl{N\N) by adding the element a 2 N = G- ^he enlarged Cartan matrix A for gl{N\N) is given by 

Aij = {ai\aj) (0 < i,j < 2N). For A^ = 1 we have 





f ° 

0 -2 \ 



A = (A)o<ij<2 

= 

0 

0 2 






1 -2 

2 0 J 



-, we have 

f ° 


1 0 

... 0 

1 

-2 \ 


-1 

0 

1 

0 •• 

0 

2 


0 

1 

0 

-1 •• 


-2 

0 



1 0 

-1 

-2 



1 

0 ••• 

0-10 

2 


V -2 

2 

-2 

••• -2 2 

0 / 


(A.2) 


(A.3) 


Note that the Cartan matrix A = {Aij)i<cij< 2 N is invertible. 


Definition A.l The quantum superalgebra Uq{gl{N\N)) (N = 1, 2, 3, • • •) is generated by the Cheval- 
ley generators {ci, fi,hj,d\i = 0,1,---,2N — l,j = 0,1,2, ■■■ ,2N}. The Z 2 -grading of the Chevalley 
generators is [e^] = [fi] = 1 {i = 0,1,2, - ■■, 2N — 1) and zero otherwise. The defining relations are 

[hi,hj\=0 {0<i,j<2N), 

[hi,ej]= Ai^jCj, [d,ej\ = 5jfiej {0 <i <2N,0 < j <2N-1), 
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= [d,fj] = -6,,ofj (0<i<27V,0<j<2iV-l), 

[ez,fj] = Sij- -(1 < *,J < 2iV-1), 

q-<i~ 

[e*, ej] = [fi, fj] = 0 for Aij = 0, 

[[eo, ei]g-i, [eo, e 2 Ar-i]g] = 0, 

llej,ej-i]y(-i)j ,lej,ej+i]g(-ip+^] = 0 (1 < J < 2 A^ — 2 ), 

[[e2N-i,e2N-2]q-i, [e2N-i,e-o\q] = 0 , 

[[/o, /l]g-i. [/o, f2N-l]q] = 0, 

[[/i./.-i],(-o^ J/../.+i],(-i)^+i] =0 (l<J<2iV-2), 

[[/2Ar-l,/2Ar-2]q-i, [/2Ar-l, /o]^] =0. (A.4) 

Here and throughout this paper, we use 

[a, b]j; = ab— {—l)^‘^^^^^xba. (A.5) 

The multiplication rule on the tensor products is Z 2 -graded. 

{a®b){a' ®b') = (-l)[^l[“'](aa'(g)&&')- (A. 6 ) 

The quantum superalgebra Uq{gl{N\N)) has the Z 2 -graded Hopf algebra structure with the following co¬ 
product A, counit e, and antipode S. 

A{hi) = /ij (g) 1 + 1 (g) /li, 

A{ej) = Cj (g) 1 + (g) Cj, A{fj) = fj (g) q~^^ + 1 (g) fj, 

4ej) = e{fj) = e{hi) = 0 , 

S{ei) = -q-'^^ei, SUj) = -f,q'^A S{hf) = -K. (A.7) 

where i = 0,1,2,---,2N and j = 0,1,2, ■■■ ,2N — 1. The coproduct A satisfies algebra automor¬ 
phism A{ab) = A{a)A{b) and the antipode satisfies Z 2 -graded algebra anti-automorphism S{ab) = 
(_l)H[b]5'(6)5'(a), 

We denote hy H = (B'j^oChj © Cd the extended Cartan subalgebra. Let {Aq, Ai, • • •, A 2 N, <5} be the 
dual basis with A^ being fundamental weight. Explicitly 

{A,\hj) = 6,^j, (A,|(5)=0, {d\hj)=0, (5|d) = l {0<i,j<2N). (A. 8 ) 

The quantum superalgebra Uq{gl{N\N)) has another realization that we call the Drinfeld realization. 

Theorem A.2 The quantum superalgebra Uq{gl{N\N)) {N = 1, 2, 3, • • •) is generated by the Drinfeld 
generators Hf,, c, d\m G Z,i = 1, 2, • • •, 2N — 1, j = 1, 2, • • •, 2N}. The Z 2 -grading of the Drinfeld 

generators is = 1 (i = l,2,---, 2N — 1) and zero otherwise. The defining relations are 

[c,a] = [d,H^] = =0 (a G C/,(gl(A|A)), 1 < i,j <2N,nG Z), 
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— Sm+n,0 

_L 4 \^± 

[A^jm 


[A^jm\q[cm\q 


{m,n G Z^o, 1 < i,j < 2N), 


[Hi,, Xfiz)] = ±A,^^Xf{z) {l<i<2N,l<j<2N- 1), 


m 


lq^<=Mz^xf{z) {l<i<2N,l<j<2N-l,m€ Z^o), 


[H:^,Xfiz)] = ±^ 

[X+{z,),X-{z2)] 

= J^^^^^r[j^^{^iq~‘'zi/z2)'ipi'{q^z2)-5{q‘'zi/z2)'ip~{q~^z2)) (I < i, j < 2N - 1), 

[xHzi)^^t(.Z2)] = 0 (Aij = 0 ), 

_ q±^^.^z2)Xi^{z,)Xf{z2) = - Z2)Xf{z2)X^{z^) [A,^, ^ 0 ), 

[Xf{zi),Xf_,^{z 2 )]g(-i)i , [Xf{z3),Xf_^,^{z4)]g(-i)i + i 

+ [[Xf{z3),XfL,{z2\,_,,,, [X±(^i),^f+i(^4)],(-i,.+iJ =0 {2<J<2N- 2). 

Here we have used the generating funetions 

Xf{z) = ^ (1 < J < 2iV - 1), 

mG Z 

i,f{z) = exp (±{q-q-^) W^z^A (1 < j < 2N-1). 


(A.9) 


(A.IO) 


\ m=l / 

The Chevalley generators are related to the Drinfeld generators as follows. 

2N-1 

Tji u _ I, 

^ 0 ) '='4 “ ^*^0 ’ Jj ~ ^*^0 


ho = c- Hi, K= Hi, ej = Ao+’^ /, = (1 < i < 2 X, 1 < j < 2 X - 1), 

i=i 

eo = ..., [X-’^ [X-'\Xf\]q-. ■ ■ ■]q]q~^q'^o-^, 

fo = {-l^q^-^o [[• • • [[X+i\ X+’%-i, X+’%,..., (A.ll) 


B Boundary state in V{A2n-i) 

In this Appendix we give a bosonization of the boundary state in the integrable highest-weight module 
V{A 2 n-i)- Let L > 0,M,R > 0 {L + M + R = 2N). The boundary AT-matrix K{z) is given by 
*■(*-) = K{z). Here the matrix K{z) is given by 

/ 

K{z) = diag 


1 -r/^ l-rfz 2 -2 

^^ 1 — rz I — rz '' -^- 


V 


M 


(B.l) 


Here the function ip{z) is given by 

X\z) {L>0,M = R = 0) 
T(z)=i XKz) iL,M >0,R=0) 
X\z) {L,M,R>0) 


(B.2) 


where we have set 


rn . , o, 1-iV , o, 1-2N 

X\z) = (1 - qz^)^{l + 


(B.3) 
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{1 — rz/q)^zN- (L = odd) 
1 


(L = even) 

1 — 2N 

{l — qz/r)^zw- (L = odd, M = even) 
ip^^\z) = ip^'^\z) X {l-z/rq)^^^ (L = even,M = odd) 

1 (otherwise) 

Theorem B.l The boundary state B(2iV — 1| G T^*(A 2 Ar-i) is realized as follows. 

B{2N-l\ = {A 2 N-i\e^ -Pr, 


(B.4) 


(B.5) 


(B.6) 


where the highest-weight vector (A 2 Ar_i| is given in i5.6\} . Here the projection operator Pr is given by 

N-l N-l 

Pr = n n ^0 ■ ioVo- Here the bosonic operator G is given in h5.9\) . where and are given 
i=i 

as follows. 


6^ = 


HL = 


.(l_2(-l)f)0„ {l<j<N-l) 


\m\, 


-On 


U = N) 


{L>0,M = R = 0) 


13. 




{L,M >0,R = 0) (i = 1,2, •••,27V), 


{L,M,R>0) 


where we have set 


p[n,2s-l ^ (1 < S < iV) 

[m\q 

p[^,2s ^ 2(1-S) ^-|^^^ _ 


0 (l<.s<A^-l) 

(s=7V) 




0 (1 < j < M) 

— I m 

- (M <i<2N,M = odd) 

[mL '■ - ’ ’ ^ 


r'^q-^^ 




+ 




[m]q 

r-^q-2^ 

[m]q 

r-'^q-i^ 

[m]q 

r-'^q-i^ 


{M < i < 2N, M = even) 

{l<i<L + M) 

{L + M < i < 2N, L = odd, M = odd) 
{L + M < i < 27V, L = odd, M = even) 
(L + TkT < i < 27V, L = even, M = odd) 
{L + M < i < 27V, L = even, M = even) 


Proposition B.2 ITe have 

1 + (1 < j < TV - 1) 


Cj{w) = 


1 


(j = N) 


(B.7) 


(B.8) 


(B.9) 

(B.IO) 

(B.ll) 


(B.12) 


1 

r ^w(z) 

(L > 0,7W = i? = 0) 


/l(^) = { 


{L,M >0,R = 0) , 

(B.13) 

\ 


{L,M,R> 0) 


32 























and 


9r{w) 

where we have set 

gl^\w) 


gf\w) 


5f'(w) 


(L>0,M = i? = 0) 

gf\w) {L,M>0,R = 0) {i = 1,2,-■ ■ ,2N - 1), 
gf\w) {L,M,R>Q) 

{ 1 (i = odd, 1 < i < 2iV - 3) 

(1 — w'^) {i = even, 1 < i < 2N — 2) , 

( 1 +^ 2 ) (i = 2iV-l) 


1 

{1—rw/q) 

{i = L,L = odd) 

1 

(1—rio) 

{i = L,L = even) , 

1 

(otherwise) 

1 

{1—q'^w/r) 

{i = L + M,L = odd, M = odd) 

1 

(l — qw / r) 

(i = L + M, L = odd, M = even) 

1 

{1 — w/ rq) 

(i = L + M,L = even, M = odd) 

1 

{1 — w/ r) 

(i = L + M, L = even, M = even) 

1 

(otherwise) 


C Normal ordering 


(B.14) 


(B.15) 


(B.16) 


(B.17) 


In this Appendix we summarize the normal orderings. 


4>\{z)X^ ^^{qw) 

X:’\qw)^l{z) 

X~’'^^~^{qwi)X~''^^ {qw2) 

X~’‘^^(qw2)X~’‘^^~^{qwi) 

X~’^^ {qwi)X~’^^~^^ {qw2) 

X:''^^+\qw2)X-''^\qwi) 

X-’^i-^{qwi)X-''^^+^{qw2) 

X-^'^^+\qw2)X-’'^^-\qwi) 


■■ 4>\{z)X^ ^^{qw) 

: X:^\qw)^l{z) 


-1 

qz{l — qwjz) ’ 

1 

qw{l — qz/w) ’ 


^{qwi)X ’‘^\qw2):q - ^w-i/wi) 

(1 - W2/q^wi) 

- : : ^IzjpJpl 

(1 - q^Wi/W2) 

: X-'‘^\qwi)X-'‘^^+^{qw2) : - j -——r 

qwi[l — qw 2 /wi) 


{l<j<N-l), 

{l<j<N-l), 

( 1 <J <iv-i), 


: X:^^^ + \qw2)X-^^^{qwi) : - —^ ^ (1 < J < iV - 1), 

9 ^ 2(1 - qwilW2) 

: X-^‘^^-\qw^)X-^^^l+\qW2) : (1 < J < iV - 1), 

- : X-^^^+\qw2)X-^^^-\qw^) : (1 < J < TV - 1). (C.l) 


g- ^ (“i; i) g- .ff J* (>"2; 5) 

g-4(9^-V«'i)gcl(9™2) 


_ _ _ . g-Hi(»;i)gB+(2:;i) . 

(1 - qw/z) 

(1 - qw2lwi) : e-^-: (1 < j < iV - 1), 

--: e-f^-; (1 < j < A^ - 1), 

(1 - qw2/wi) 

- 1 -^ : gci(9»2)g-citf-7«'i) . (1 < j < N). (C.2) 

(1 — q'^WiW2) 


33 



References 


[1] M.Jimbo and T.Miwa, Algebraic Analysis of Solvable Lattice Model, CBMS Regional Conference 
Series in Mathematics (AMS, 1984), Vol.85. 

[2] M.Jimbo, R.Kedem. T.Kojima, H.Konno, and T.Miwa, XXZ chain with a boundary, 
Nucl.Phys.B441, 437-470 (1995). 

[3] l.Cherednik, Factorizating particles on a half line, and root systems, Theor.Mat.Fiz.Gl, 35-44 (1984). 

[4] E.K.Sklyanin, Boundary conditions for integrable quantum systems, J.Phys.A21, 2375-2389 (1988). 

[5] H.Furutsu and T.Kojima, The Uq{sln) analog of the XXZ chain with a boundary, J.Math.Phys.41, 
4413-4436 (2000). 

[6] W.-L.Yang and Y.-Z.Zhang, Izergin-Korepin model with a boundary, Nucl.PhyS.B596, 495-512 

( 2001 ). 

[7] T.Kojima, A remark on ground state of boundary Izergin-Korepin model, Int.J.Mod.Phys.A26, 
1973-1989 (2011). 

[8] T.Kojima, Diagonalization of transfer matrix of supersymmetry Uq{sl{M -|- l|fV -I- 1)) chain with a 
boundary, J.Math.Phys.54, 043507 (2013). 

[9] T.Miwa and R.Weston, Boundary ABF model, Nucl.PhyS.B486, 517-545 (1997). 

[10] T.Kojima, Diagonalization of infinite transfer matrix of boundary Uq^p{A^^^_.^) face model, 
J.Math.Phys.52, 013501 (2011). 

[11] M.Jimbo, T.Miwa, and A.Nakayashiki, Difference equations for the correlation functions of the eight- 
vertex model, J.Phys.A26, 2199-2209 (1993). 

[12] Y.-Z.Zhang, Level-one representation and vertex operators of quantum affine superalgebra 
Uq{gl{N\N)), J.Math.Phys.40, 6110-6124 (1999). 

[13] W.-L.Yang and Y.-Z.Zhang, Level-one highest weight representation of Uq{gl{l\l)) and associated 
vertex operators, Phys.Lett.A 267 ,157-166 (2000). 

[14] W.-L.Yang and Y.-Z.Zhang, Vertex operators of Uq{gl{N\N)) and highest weight representations of 
Uq{gl{2\2)), J.Math.Phys.41, 2460-2481 (2000). 

[15] P.Baseilhac and S.Belliard, The half-infinite XXZ chain in Onsager’s approach, Nucl.Phys.B873, 
550-583 (2013). 

[16] P.Baseilhac and T.Kojima, Correlation functions of the half-infinite XXZ spin chain with a triangular 
boundary, Nucl.Phys.B880, 378-413 (2014). 

[17] P.Baseilhac and T.Kojima, Form factors of the half-infinite XXZ spin chain with a triangular bound¬ 
ary, J.Stat.Mech. P09004 (2014). 


34 



